Abstract. For a 3-manifold M with b 1 (M ) = 1 fibered over S 1 and the fiberwise gradient ξ of a fiberwise Morse function on M , we introduce the notion of amidakuji-like path (AL-path) on M . An AL-path is a piecewise smooth path on M consisting of edges each of which is either a part of a critical locus of ξ or a flow line of −ξ. Counting closed AL-paths with signs gives the Lefschetz zeta function of M . The "moduli space" of AL-paths on M gives explicitly Lescop's equivariant propagator, which can be used to define Z-equivariant version of Chern-Simons perturbation theory for M .
Introduction
Chern-Simons perturbation theory for 3-manifolds was developed independently by Axelrod-Singer ([AS] ) and by Kontsevich ([Ko] ). It is defined by integrations over suitably compactified configuration spaces C 2n,∞ (M ) of a closed 3-manifold M and gives a strong invariant Z(M ) of M whose universal formula is a formal series of Feynman diagrams (e.g. [KT, Les1] ). In the definition of Z, propagator plays an important role. Here, a propagator is a certain closed 2-form on C 2,∞ (M ), which corresponds to an edge in a Feynman diagram (see [AS, Ko] for the definition of propagator, and [Les1] for a detailed exposition on Chern-Simons perturbation theory). The Poincaré-Lefschetz dual to a propagator is given by a relative 4-cycle in (C 2,∞ (M ), ∂C 2,∞ (M )). In a dual perspective, given three parallels P 1 , P 2 , P 3 of such a 4-cycle, the algebraic triple intersection number #P 1 ∩ P 2 ∩ P 3 in the 6-manifold C 2,∞ (M ) gives rise to the 2-loop part of Z, which corresponds to the Θ-shaped Feynman diagram. For general 3-valent graphs with 2n vertices, the intersections of codimension 2 cycles in C 2n,∞ (M ) give rise to invariants of M .
Propagator may not exist depending on the topology of M . For a propagator with Q coefficients to exist, M must be a Q homology 3-sphere. If M is a closed 3-manifold with b 1 (M ) > 0, one must improve the method to find universal perturbative invariant for M whose value is a formal series of Feynman diagrams, which is not classical. After Ohtsuki's pioneering work that refines the LMO invariant significantly ( [Oh1, Oh2] ), Lescop gave a topological construction of an invariant of M with b 1 (M ) = 1 for the 2-loop graph using configuration spaces. More precisely, she defined in [Les2] a topological invariant of M by using the equivariant triple intersection of "equivariant propagators" in the "equivariant configuration space" C 2 ( M ) Z of M . The equivariant configuration space C 2 ( M ) Z of M is an infinite cyclic covering of the compactified configuration space C 2 (M ). An equivariant propagator is defined as a relative 4-cycle in (C 2 ( M ) Z , ∂C 2 ( M ) Z ) satisfying a certain boundary condition, which is described by a rational function including the Alexander polynomial of M ( [Les2, Theorem 4.8] or Theorem 1.2 below). She proved that some equivalence class of the equivariant triple intersection of three equivariant propagators gives rise to an invariant of M . Note that the existence of an equivariant propagator satisfying an explicit boundary condition is proved in [Les2] , whereas globally explicit cycle is not referred to except for the case M = S 2 × S 1 . In this paper, we introduce the notion of amidakuji-like path (AL-path for short) in a 3-manifold M with b 1 (M ) = 1 fibered over S 1 (Definition 1.4) and we construct Lescop's equivariant propagator explicitly as the chain given by the moduli space of AL-paths in M (Theorem 1.5). In proving the main Theorem 1.5, we show that the counts of closed AL-paths in M give the Lefschetz zeta function of the fibration M (Proposition 4.9). In a sense, our construction gives a geometric derivation of the formula for Lescop's boundary condition.
AL-path is in a sense a piecewise smooth approximation of integral curve of a nonsingular vector field on M (see Figure 2 ). Let ξ be the gradient along the fibers of a fiberwise Morse function ( §1.5) of M . Roughly speaking, an AL-path in M is a piecewise smooth path in M that is an alternating concatenation of horizontal segments and vertical segments, where a horizontal segment is a part of a flow line of −ξ and a vertical segment is a part of a critical locus of ξ both descending.
Explicit propagator is good for finding explicitly computable invariant of 3-manifolds. Inspired by the ideas of [Fu, Wa1] for construction of graph-counting invariants for homology 3-spheres, we obtain a candidate for equivariant version of the Chern-Simons perturbation theory for 3-manifolds M with b 1 (M ) = 1 fibered over S 1 , by counting graphs in M each of whose edges is an AL-path for a fiberwise gradient. We will write about it in [Wa2] . We believe that our construction can be extended to 3-manifolds with arbitrary first Betti numbers and to generic closed 1-forms, generic in the sense of [Hu] , by using a method similar to that of Pajitnov in [Pa1, Pa2] .
1.1. Conventions. In this paper, manifolds and maps between them are assumed to be smooth. By an n-dimensional chain in a manifold X, we mean a finite linear combination of smooth maps from oriented compact n-manifolds with corners to X. We understand a chain as a chain of piecewise smooth simplices by taking triangulations of manifolds. We follow [BT, Appendix] for the conventions for manifolds with corners and fiber products of manifolds with corners. Some definitions needed are summarized in Appendix B. We represent an orientation o(X) of a manifold X by a non-vanishing section of dim X T * X. We consider a coorientation o * (V ) of a submanifold V of a manifold X as an orientation of the normal bundle of V and represent it by a differential form in Γ ∞ ( • T * X| V ). We identify the normal bundle N V with the orthogonal complement T V ⊥ in T X, by taking a Riemannian metric on X. Although the definition of coorientation depends on the choice of Riemannian metric, we consider such coorientations are equivalent. We fix orientation or coorientation of V so that the identity
holds, where we say that two orientations o and o ′ are equivalent (o ∼ o ′ ) if they are related by multiple of a positive function. o(V ) determines o * (V ) up to equivalence and vice versa. We orient boundaries of an oriented manifold by the inward normal first convention.
1.2. Lefschetz zeta function. We shall recall a few definitions and notations before stating the main result. Let Σ be a closed manifold. For a diffeomorphism ϕ : Σ → Σ, its Lefschetz zeta function ζ ϕ (t) is defined by the formula
where L(ϕ k ) is the Lefschetz number of the iteration ϕ k , or the count of fixed points of ϕ k counted with appropriate signs. The following product formula is a consequence of the Lefschetz trace formula.
(1.1)
where ϕ * i : H i (Σ; Q) → H i (Σ; Q) is the induced map from ϕ. See e.g. [Pa2, 9.2.1] .
In this paper, we will often consider the logarithmic derivative of ζ ϕ (t). One has
(−1) i Tr ϕ * i 1 − tϕ * i .
Equivariant configuration spaces.
We recall some definitions from [Les2] . Let M be a closed oriented Riemannian 3-manifold with b 1 (M ) = 1, let κ : M → S 1 be a Morse function that induces an isomorphism H 1 (M )/Torsion → H 1 (S 1 ) and let M be its standard infinite cyclic covering. Let π : M → M be the covering projection. Let κ : M → R be the lift of κ and let t : M → M be the diffeomorphism that generate the group of covering transformations and that satisfies for every x ∈ M , κ(tx) = κ(x) − 1.
Let M × Z M be the quotient of M × M by the equivalence relation that identifies x × y with tx × ty. We denote the equivalence class of x × y by x × Z y. M × Z M is an infinite cyclic covering of M × M . By abuse of notation, we denote by t the generator of the group of covering transformations of M × Z M that acts as follows.
See Appendix C for the definition of blow-up. The boundary ∂C 2 (M ) is canonically identified with the unit tangent bundle ST (M ) of M . More precisely, let N ∆M be the total space of the normal bundle of ∆ M in M ×M . We fix a framing
of oriented vector bundles, which sends the fiber (
Note that the blow-up does not depend on the choice of τ .
Let
where ST (K) is the restriction of the S 2 -bundle ST (M ) on K.
Consider the exact sequence
where i * is the map induced by the inclusion * .
is a torsion-free Λ-module, one has the isomorphism H i (C * (X) ⊗ Λ Q(t)) ∼ = H i (X) ⊗ Λ Q(t) of Λ-modules for any Z-space X, by the universal coefficient theorem.
† The sign in the formula (1.4) seems different from that of [Les2] . This is because the homological action t of the knot in [Les2] is our t −1 . Note that
Figure 1. Cerf's graphic and birth-death cancellation.
Lescop calls such a Q(t)-chain Q an equivariant propagator. The equivariant intersection pairing with Q detects all classes in
having this homological property an equivariant propagator.
1.5. Fiberwise Morse function. In the rest of this paper, let M be a closed oriented Riemannian 3-manifold with b 1 (M ) = 1 fibered over S 1 and let κ : M → S 1 be the projection of the fibration. Suppose that fiber of κ is path-connected. A fiberwise Morse function is a
∞ function on a manifold with only Morse or birth-death singularities ( [Ig1, Appendix] ). A fiberwise GMF is a C ∞ function f : M → R whose restriction f s : κ −1 (s) → R is a GMF for all s ∈ S 1 . For a critical locus p of the fiberwise gradient ξ of a fiberwise GMF f , we denote by D p = D p (ξ) and A p = A p (ξ) the descending manifold loci and the ascending manifold loci respectively. If a pair of different critical loci p, q is such that ind p = ind q = 1 and if ξ is generic, then D p and A q may intersect transversally at finitely many values of κ. The intersection of D p and A q is then a flow line along ξ between p and q. Such an intersection is called a 1/1-intersection (generally, i/j-intersection [HW] ). Proof. According to Cerf [Ce, Ch I.3] or the Framed function theorem of K. Igusa [Ig1, Theorem 1.6 ] (see also [Ig2, Theorem 4.6.3] ), there exists a fiberwise GMF f : M → R. The graph of critical values of f s forms a diagram in R × S 1 (Cerf's graphic). See Figure 1 (1) for an example. In a graphic, Morse critical loci correspond to arcs and birth-death singularities correspond to beaks.
If there is a pair of beaks as in Figure 1 (2), we may apply the Birth-death cancellation lemma [Ig1, Proposition A.2 .3] of K. Igusa to eliminate the pair of beaks by deforming f within the space of smooth functions on M to a fiberwise GMF with less birth-death points, as follows. Let J = (c, d) be a small interval such that a pair (v 1 , v 2 ) of birth-death points as in Figure 1 (2) is included in κ −1 (J). Suppose that there are no 1/1-intersections in κ −1 (J) and that v 1 (resp. v 2 ) is a death point (resp. birth point) of index (0, 1). The case of birth-death points of index (1, 2) is symmetric to this case. We may assume that both f (v 1 ) and f (v 2 ) are less than the values of critical loci of index 1. By the sliding technique used in the proof of [HW, Lemma 6 .1], we may assume that both the ascending manifolds A v1 (ξ) and A v2 (ξ) do not intersect descending manifolds of other critical points of index 1 and that both A v1 (ξ) and A v2 (ξ) do not intersect descending manifolds of critical loci of index 2 except for one common critical locus p of index 2. There is a regular level surface locus T ⊂ κ −1 (J) of f that lie just above v 1 and v 2 , and there is an arc c in T such that
Then we may find a smoothly embedded arc c ′ in a small neighborhood of T in κ −1 (J) connecting v 1 and v 2 , most of which is included in U and such that κ| c ′ is a submersion. Along this arc, the Birth-death cancellation lemma can be achieved.
Finally, we must check that any beaks in a graphic can be arranged to form pairs of beaks as in Figure 1 . This follows from the Beak lemma of Cerf ([Ce, Ch. IV, §3] , see also [La, Theorem 1.3] ). Hence all beaks can be eliminated and the result is as desired.
1.6. Amidakuji-like paths. We fix a fiberwise Morse function f : M → R on M and its gradient ξ along the fibers that satisfies the parametrized Morse-Smale condition, i.e. the descending manifold loci and the ascending manifold loci are mutually transversal in M . Let ξ denote the lift of ξ on M and f : M → R denote the Z-invariant lift of f . We say that a piecewise smooth embedding σ :
. We say that σ is horizontal if Im σ is included in a single fiber of κ and say that σ is vertical if Im σ is included in a critical locus of f . Definition 1.4. Let x, y be two points of M such that κ(x) ≥ κ(y). An amidakujilike path, or an AL-path, from x to y is a sequence ℓ = (σ 1 , σ 2 , . . . , σ n ), where
for each i, σ i is either horizontal or vertical with respect to f , (3) if σ i is horizontal, then σ i is a flow line of ξ, possibly broken at critical loci,
if σ i is horizontal (resp. vertical) and if i < n, then σ i+1 is vertical (resp. horizontal).
We say that two AL-paths are equivalent if they differ only by reparametrizations on segments.
See Figure 6 for an example of an AL-path. We remark that we do not allow σ i to be a constant map. For an AL-path ℓ = (σ 1 , σ 2 , . . . , σ n ), we write
Im σ i .
1.7. Main result. Let M AL 2 ( f ) be the set of all AL-paths in M . It will turn out that there is a natural structure of non-compact manifold with corners on M
For the fiberwise gradient ξ of f , let ξ be the nonsingular vector field ξ + grad κ on M . Let sξ : M → ST (M ) be the normalization −ξ/ ξ of the section −ξ. Now we state the main theorem of this paper, which gives an explicit equivariant propagator. 
has the structure of a countable union of smooth compact manifolds with corners whose codimension 0 strata are disjoint from each other. Moreover, let
is an equivariant propagator. (A precise formula for ∂Q( f ) in the chain level is given in Theorem 4.6.)
Note that it is not straightforward that the substitution of our chain Q( f ) into Lescop's equivariant triple intersection gives rise to a topological invariant of M because in [Les2] , the proof of invariance is essentially based on the fact that the boundary of equivariant propagator concentrates on s τ (M ) and on t i ST (K) for a given knot in M . Since we consider the union of critical loci of ξ instead of a knot, the identity in Theorem 1.5 holds only in the homology. So a modification of the proof is required to get an invariant from our chain Q( f ). See [Wa2] for detail. If we consider analogous to [Fu] , a candidate for the propagator would be the moduli space
This is a non-compact 4-dimensional manifold immersed in M × M in a very complicated way. It is hard to deal with M 2 (ξ) in the following sense. To define Zequivariant version of Chern-Simons perturbation theory, we would like to consider, for example, the triple intersection of the moduli spaces M 2 (ξ 1 ), M 2 (ξ 2 ), M 2 (ξ 3 ) in M × M for a generic triple (ξ 1 , ξ 2 , ξ 3 ) of downward vector fields, which corresponds to the Θ-graph. However, since M 2 (ξ) is non-compact, it is unclear that the triple intersection number is well-defined, even if counted for a fixed homotopy class of Θ-graphs in M . For example, nullhomotopic Θ-graph may wind around arbitrarily many times in M .
Here, Lescop's framework developed in [Les2] is crucial. She considered the equivariant triple intersection of three Q(t)-chains as in Theorem 1.2 and observed that it works nicely for the purpose of constructing an invariant. That the triple intersection is well-defined is then obvious from definition. To utilize Lescop's framework, we considered deforming M 2 (ξ) into a Q(t)-chain. Now let us return to the example given above. The liftγ of an integral curve γ of −ξ in M is as in Figure 2 (1). After a vertical rescaling of M = S 2 × R,γ will become as in Figure 2 (2). If the vertical velocity becomes very small,γ goes almost horizontal, away from the closed orbits ofξ. At the "limit" of the vertical rescaling, the integral curveγ converges to an AL-path, as in Figure 2 (3). We will not give a precise definition of the convergence of integral curves. 1.9. Organization. The rest of this paper is organized as follows. In §2, we define the moduli space M AL 2 ( f ) Z of AL-paths in M and study its piecewise smooth structure. In §3, we fix (co)orientation of M AL 2 ( f ) Z . In §4, we make the moduli space M AL 2 ( f ) Z into a Q(t)-chain Q( f ) in the equivariant configuration space. The explicit formula for the boundary of Q( f ) is given in Theorem 4.6. Then the main theorem follows as a corollary of Theorem 4.6. In Appendix A, a necessary and sufficient condition for a 3-manifold fibered over S 1 to have the first Betti number 1, is recalled. In Appendix B, some definitions on smooth manifolds with corners are recalled. In Appendix C, the definition of blow-up is recalled.
Moduli space of AL-paths
In this section, we define the moduli space M AL 2 ( f ) Z of AL-paths in M (Definitions 2.1, 2.2) and study the piecewise smooth structure of M
and ξ be as in §1.6. Since the positions of the endpoints of an AL-path are not sufficient to recover an AL-path, even up to equivalence, we consider some sequence of points on an AL-path, which represents internal structure of an AL-path.
In a graphic of a fiberwise Morse function on M , there are intersection points between curves of critical values. We may assume that the intersections of the curves are all in general positions. We call an intersection of two curves in a graphic a level exchange bifurcation. We assume that f and ξ is generic so that level exchenge bifurcations and 1/1-intersections occur at different parameters in S 1 . Let u 1 , u 2 , . . . , u r ∈ S 1 = [0, 1]/∼ be the parameters at which the level exchange bifurcations occur. Choose a small number ε > 0 and let
, putting u r+1 = u 1 + 1. We assume without loss of generality that u 1 − ε = 0 and that ε is small so that there are no 1/1-intersections in I 2j−1 . Then S 1 is split into finitely many closed intervals:
If there are no level exchange bifurcations of f , we divide S 1 into several closed intervals S 1 = 2r j=1 I j arbitrarily. Moreover, we consider the lifts
in R. Then {I j ; j ∈ Z} covers R. By considering the lifts of M Ij = κ −1 (I j ), the Z-cover M of M can be sliced into pieces. We shall construct the moduli space M AL 2 ( f ) for the Z-invariant lift f : M → R of f by using the slices of M .
2.1.1. Cutting M into pieces. For the covering {I j ; j ∈ Z} of R given above, we write
We define the submanifolds Γ
of M Ij as follows. If j is even, then we define smooth functions γ i :
If j is odd, then suppose that p k and p k+1 are the critical loci such that
gives a planar diagram as follows. Let
The lines C (j) and arcs D (j) i splits the plane into rectangular regions. We refer to such rectangles as cells. Let B (2j) i be the cell surrounded by
k2j−1 be the cell surrounded by C (2j−1) , We say that a pair (B, B ′ ) of cells in the cellular diagram is descending if it is one of the forms listed in Figure 4 . We refer to a sequence (B(1), B(2), . . . , B(r)) of cells in the cellular diagram as a descending route if the following conditions are satisfied.
(1) For each i such that 1 ≤ i ≤ r − 1, the pair (B(i), B(i + 1)) is descending. (2) For each i such that 1 ≤ i ≤ r − 2, the triple (B(i), B(i + 1), B(i + 2)) is not of the forms shown in Figure 5 .
A descending route serves as a neighborhood of an AL-path.
2.1.3. Moduli space of AL-paths going along a descending route. Let ρ = (B(1), B(2), . . . , B(r)) be a descending route in cd( f ). We define the moduli space M AL 2 ( f ; ρ) of AL-paths that goes along ρ as follows. Let X(0) = W (B (1)) and define the space X(i) inductively as Then we define X ρ = X(r) and
For example, X ρ for the descending route in Figure 6 is (10)).
If the image of an AL-path ℓ = (σ 1 , σ 2 , . . . , σ n ) is included in Y ρ and intersects all W (B(i)) in Y ρ , then we say that ℓ goes along ρ. An example of the plane projection of an AL-path going along a descending route is shown in Figure 6 . If an AL-path ℓ goes along ρ, then the intersection points of ℓ with level surfaces L(B(i)) together with the endpoints defines a sequence in X ρ . We call such a sequence in X ρ an AL-sequence going along ρ. An AL-sequence going along ρ recovers an AL-path going along ρ uniquely up to equivalence. We will often represent the equivalence class of an AL-path by an AL-sequence.
Definition 2.1. For a descending route ρ = (B(1), B(2), . . . , B(r)), we define the moduli space M AL 2 ( f ; ρ) as the subspace of X ρ consisting of AL-sequences going
We remark that for an AL-path ℓ, there may be several possibilities for descending routes along which ℓ goes. So we must identify corresponding points in moduli spaces M AL 2 ( f ; ρ) for different ρ. Two descending routes ρ and ρ ′ such that there is an AL-path ℓ that goes both along ρ and ρ ′ are related to each other by a sequence of the following relations.
(1) Vertex relation: For each vertex v of the cellular diagram that is not on the boundary of B∈cd( f ) B, there are two types of descending routes that intersect v: one goes through the upper-right cell with respect to v and other goes through the lower-left cell with respect to v. There are seven possibilities for such pairs, shown in Figure 7 , depending on the types of the three or four cells surrounding a vertex v. Vertex relation is a relation between two descending routes that differ only by one of the pairs shown in Figure 7 . (2) Edge relation: Edge relation is a relation between two descending routes ρ and ρ ′ that are one of the following forms:
. . , B r ) or vice versa. We will say that two descending routes are adjacent if they are related by a vertex relation or an edge relation. We shall define the gluing operation ∪ ρ∩ρ ′ between the moduli spaces for ρ and ρ ′ that are adjacent.
2.1.4. Gluing for a vertex relation. For a pair (ρ, ρ ′ ) of descending routes in the cellular diagram that differ only by one of the pairs in Figure 7 , we define the space X ρ∩ρ ′ by Figure 7 where for (6) B a is the upper cell and B c is the lower left cell, for (7) B a is the lower cell and B c is the upper left cell. Then there are natural maps
We define X ρ∪ρ ′ = X ρ ∪ X ρ∩ρ ′ X ρ ′ as the push-out of this diagram. Let η : X ρ → X ρ∪ρ ′ and η ′ : X ρ ′ → X ρ∪ρ ′ be the natural maps. We define ∪ ρ∩ρ ′ as the amalgamation
which is a subspace of X ρ∪ρ ′ .
2.1.5. Gluing for an edge relation. Let (ρ, ρ ′ ) be a pair of descending routes in the cellular diagram such that ρ ′ is obtained from ρ by adding a cell. Suppose that the extra cell is added at the tail of ρ. The case that a cell is added at the head of ρ is symmetric to this case. So we put (2), . . . , B(r + 1)).
(1) If B(r+1) is located on the right side of B(r), then X ρ = X(r−1)× W (B(r)) and
The projection pr 2 : L(B(r)) × L(B(r)) → L(B(r)) on the second factor induces a homeomorphism
The identity map induces a homeomorphism
. In both cases, we define ∪ ρ∩ρ ′ as the amalgamation
where the gluing is done between the subspaces M
Definition 2.2. We define
which is the amalgamation generated by ∪ ρ∩ρ ′ defined above. The group Z acts on
. . , tx n ) and we define
Now we shall describe the natural stratification of M AL 2 ( f ). We say that an AL-path ℓ = (σ 1 , σ 2 , . . . , σ n ) is of rank r if it has r vertical segments and say that it has m breaks if the sum of times that the horizontal segments are broken is m. For a descending route ρ, let S r,m ( f ; ρ) = {AL-sequences going along ρ, rank r, m breaks} and let S r,m ( f ; ρ) be the closure of S r,m ( f ; ρ) in X ρ . Let
where the pieces are glued together by the restrictions of the amalgamations ∪ ρ∩ρ ′ . Let
We define a degeneracy of an AL-path ℓ = (σ 1 , σ 2 , . . . , σ n ) in M AL 2 ( f ; ρ) as one of the following conditions for ℓ.
(1) A horizontal segment in ℓ is broken at a critical locus.
(2) Im ℓ intersects a horizontal face in ∂Y ρ , i.e. some segment σ i is included in κ −1 (a j ) for some j.
The number of degeneracy of an AL-path ℓ ∈ M AL 2 ( f ; ρ) is the number of counts of the items in the above list that ℓ satisfies. For example, if the first segment σ 1 in ℓ is horizontal, intersects a horizontal face in ∂Y ρ , has 1 break and if ℓ has no other degeneracy in the list, then the degeneracy of ℓ is 2. We denote by deg ℓ the number of degeneracy of ℓ.
Let b : M AL 2 ( f ) → M × M be the map that assigns to a sequence (x, . . . , y) the pair of endpoints (x, y). Let |ρ| denote the number of cells in ρ. The main proposition of this section is the following.
where S r,0 ( f ; ρ) is compact and satisfies the following conditions.
is a smooth manifold with corners, whose codimension q stratum consists of AL-sequences ℓ with deg ℓ = q. In particular,
is a smooth compact manifold with corners, whose codimension q stratum consists of AL-paths ℓ with deg ℓ = q. In particular,
The codimension 0 strata of S r,0 ( f ; ρ) for r = 0, 1, . . . , |ρ| are disjoint from each
We prove Proposition 2.3 in the rest of this section ‡ . In §2.2, we will first study the piecewise smooth structure of the moduli space M AL 2 ( f ; ρ) in the case where ρ has only one cell. We will then reconstruct M AL 2 ( f ) Z in §2.3 from basic pieces by iterated fiber products and study its piecewise smooth structure.
2.2. Moduli space of AL-paths in a cell. Here we prove Proposition 2.3 in the case when |ρ| = 1 (Lemmas 2.7, 2.8 (iv)) and prove some lemmas (Lemmas 2.4, 2.5, 2.6, 2.8) that will be necessary later. For subsets A, B ⊂ W
. ‡ The settings and the proof for Proposition 2.3 are rather complicated. Parhaps a good way to believe Proposition 2.3 is to consider M AL 2.2.1. Moduli space of AL-paths in a cell on I j , j even.
i ) with corners, such that
(1) The codimension q stratum of S consists of AL-paths ℓ with deg ℓ = q + 1.
In particular,
The codimension q stratum of S ′ consists of AL-paths ℓ with deg ℓ = q + 1.
In particular, ∂S
Lemma 2.5. Suppose that j is even. The moduli space M
Lemma 2.6. Suppose that j is even. The moduli space M
(1) The codimension q stratum of S consists of AL-paths ℓ with deg ℓ = q + 2.
The codimension q stratum of S ′ consists of AL-paths ℓ with deg ℓ = q + 2.
Lemma 2.7. Suppose that j is even. The moduli space M
is the union of two noncompact smooth manifolds S =
with corners, such that
(1) The codimension q stratum of S consists of AL-paths ℓ with deg ℓ = q. In particular,
The codimension q stratum of S ′ consists of AL-paths ℓ with deg ℓ = q. In
We write
i × I j and identify both sides through τ
Proof of Lemma 2.4. We first check the structures of manifolds with corners for
are of rank 0, we have the diffeomorphism
i ) follows from [Wa1, Lemma 2.14] about the smooth structure of the fiberwise moduli space M 2 .
The assertion for
i ) follows immediately from the following identity, which holds by definition.
i ) follows immediately from the definition of AL-path.
Proof of Lemma 2.5. By symmetry, the proof is completely analogous to that of Lemma 2.4.
Proof of Lemma 2.6. By definition, we have
The assertion follows immediately from Lemma 2.4.
Proof of Lemma 2.7. We have
The assertion for S 0,0 ( f ; W 
2.2.2.
Moduli space of AL-paths in a cell on I j , j odd.
Lemma 2.8. Suppose that j is odd and put k = k j . Then the following hold.
is the union of two smooth manifolds
with corners.
The boundaries are similar to Lemmas 2.4, 2.5, 2.6 and 2.7 respectively.
Proof. Since the descending manifold loci and the ascending manifold loci between the two different critical loci in W (j) k are disjoint, the set of AL-paths that are close to one critical locus is disjoint from that of AL-paths that are close to another critical locus. So the smooth structures on the corners can be studied separately. The rest of the proof is similar to those for Lemmas 2.4, 2.5, 2.6 and 2.7. For the detail, see [Wa1, Lemma 5.8 ].
2.3. Piecewise smooth structure of the moduli space of long paths. Here, we shall prove Proposition 2.3 for the cases when |ρ| ≥ 2. For a descending route ρ = (B(1) , . . . , B(r)) in cd( f ), let ρ = {B(1), . . . , B(r)} denote the set of all cells in ρ. We define the equivalence relation ∼ on ρ generated by the following relations: B(i) ∼ B(i + 1) if B(i + 1) is located on the bottom of B(i). We call an equivalence class in ρ/∼ a block. Roughly, a block consists of vertically clustered sequence of cells that are successive in ρ. We write blo(ρ) = |ρ/∼|, the number of different blocks in ρ/∼. For example, the descending route given in Figure 6 has five blocks.
We fix some notations. Let ρ = (B(1), B(2), . . . , B(r)) be a descending route. Let
2.3.1. Moduli space of AL-paths in a block. Here, we consider the case blo(ρ) = 1. The case |ρ| = 1 has been considered in §2.2. The following lemma proves Proposition 2.3 in the case blo(ρ) = 1 and |ρ| ≥ 2.
Lemma 2.9. Suppose that blo(ρ) = 1 and |ρ| ≥ 2. Then
where (1) S 1,0 ( f ; ρ) is a smooth compact manifold with corners, whose codimension q stratum consists of AL-sequences ℓ with deg ℓ = q. In particular, (2)) is a smooth manifold with corners, whose codimension q stratum consists of AL-sequences ℓ with deg ℓ = q+1. In particular,
Proof. Suppose that ρ has r cells: ρ = (B(1), . . . , B(r)). Then we have X ρ = W (B(1)) × W (B(r)) since blo(ρ) = 1. If |ρ| ≥ 3, there are no rank 0 AL-paths going along ρ. Thus there are only AL-paths going along ρ of rank 1 and we have
where p is the critical locus of f that intersects all the cells in ρ. The assertion of the lemma follows immediately from this identity.
If |ρ| = 2, there may be AL-paths going along ρ of rank 0, which goes within W (B(1)) ∩ W (B(2)). These contribute to the term T 0,0 ( f ; ρ). The assertion about the boundary of T 0,0 ( f ; ρ) − ∆ W (B(1))∩ W (B(2)) is analogous to Lemma 2.7.
Corollary 2.10. Let * be one of (ρ, L(B(r))), ( Γ(B(1)), ρ) or ( Γ(B(1) ), ρ, L(B(r))). If blo(ρ) = 1 and |ρ| ≥ 2, then
and their boundaries are the intersections with ∂S 1,0 ( f ; ρ) = T 0,1 ( f ; ρ).
2.3.2.
Moduli space of AL-paths in several blocks. The following lemma proves the rest of Proposition 2.3, i.e. for the case blo(ρ) ≥ 2.
Lemma 2.11. If blo(ρ) ≥ 2, the moduli space M AL 2 ( f ; ρ) is the union
where S r,0 ( f ; ρ) is a smooth compact manifold with corners, whose codimension q stratum consists of AL-sequences ℓ with deg ℓ = q. In particular,
To prove Lemma 2.11, we prove the following lemma by induction on blo(ρ).
Lemma 2.12. If blo(ρ) ≥ 2, the moduli space M AL 2 ( f ; ρ, L(B(r))) is the union
where S r,0 ( f ; ρ, L(B(r))) is a smooth compact manifold with corners, whose codimension q stratum consists of AL-sequences ℓ with deg ℓ = q + 1. In particular,
L(B(r))).
Let us consider the case blo(ρ) = 2. The following lemma holds.
Lemma 2.13. Suppose that a descending route ρ = (B(1), . . . , B(r)) is such that ρ/∼ = {ρ 1 , ρ 2 }, ρ 1 = (B(1), . . . , B(k)), ρ 2 = (B(k + 1), . . . , B(r)).
Then the projections i
are strata transversal (Definition B.1). Hence the fiber product
is the union of smooth manifolds with corners. The codimension q stratum of the fiber product is q 1 +q 2 =1 ,q 2 ≥0
where we denote by ∂ i S the codimension i stratum of a stratified space S. Hence the codimension q stratum consists of AL-paths that are compositions of
Lemma 2.13 can be proved by an argument analogous to [Wa1, Lemma 2.21] and by using Corollary 2.10 and Proposition B.2.
Lemma 2.14. Let ρ be as in Lemma 2.13. The space M AL 2 ( f ; ρ, L(B(r))) agrees with
where pr : Lemma 2.15. Suppose that Lemma 2.12 holds true for blo(ρ) = p. Then Lemma 2.12 holds true for blo(ρ) = p + 1.
Proof. The proof is analogous to [Wa1, Lemma 2.23].
Proof of Lemma 2.11. M AL 2 ( f ; ρ) is the image of the projection from the fiber product
where ρ 1 = (B(1), B(2), . . . , B(r − 1)). It follows from Lemmas 2.12, 2.5 and an argument analogous to [Wa1, Lemma 2.22] that M AL 2 ( f ; ρ) is the union of smooth compact manifolds with corners. The boundary strata of M AL 2 ( f ; ρ) given by the iterated fiber product having a term of the form T 1,0 or T 0,0 contributes to T r,0 ( f ; ρ). The other part contributes to S r,1 ( f ; ρ) ∪ S r−1,1 ( f ; ρ).
Proof of Proposition 2.3. Proposition 2.3 is a consequence of Lemmas 2.7, 2.8, 2.9 and 2.11. That the codimension 0 strata are disjoint from each other is obvious from the definition.
Convention for (co)orientation of
Now we define the coorientation of M AL 2 ( f ; ρ). Suppose that ρ has m blocks and write ρ/∼ = {ρ 1 , ρ 2 , . . . , ρ m }. Then X ρ is of the form
where L i is L(B(k)) for some k. Then it follows from the argument in §2.3.2 that the moduli space M AL 2 ( f ; ρ) ⊂ X ρ is given by the union (3.1)
where the different pieces are glued together along strata of codimension ≥ 1. We shall fix the coorientations of the terms in (3.1).
3.1. Coorientations of descending and ascending manifolds. Let p be a critical locus of ξ, D p be the descending manifold locus of p and A p be the ascending manifold locus of p. Let x be a point of p and let Σ x be the fiber of κ including x. By parametrized Morse lemma [Ig1, §A1] , there is a local coordinate (x 1 , x 2 , x 3 ) around x such that p agrees locally with the x 1 -axis, x 1 increases with respect to the height function κ, the x 2 x 3 -plane agrees locally with the level surface Σ x of κ, and f is of the form c(x 1 ) ± x 2 2 ± x 2 3 for a smooth function c(x 1 ).
(1) We define the orientation of Σ x at x by
define the orientations of D p and A p by the rule
where we define the orientation of the ascending manifold
Then we have
This definition is independent of the choice of local coordinate.
3.2.
Coorientations of the spaces S εi,0 . We define the coorientations
Note that D γ and A γ are perpendicular to the level surfaces of f . Hence o
i . There is no reason that these choices are natural. We fixed these coorientations so that most of the boundaries of the strata of M AL 2 ( f ) cancel with each other.
Remark 3.1. To determine an orientation of a submanifold A of a manifold X from a coorientation, we need to fix an orientation of the ambient manifold X. In this paper, we fix the orientations of
Definition 3.2. We define the coorienatation of the term for (i 1 , . . . , i m ) in (3.1) by
where Π ρ is the natural map given by the exterior products
Example 3.3. We consider the coorientation of M AL 2 ( f ; ρ) for the descending route in Figure 6 . Let γ 1 , γ 2 and γ 3 be the three critical loci of f that intersect W (B(1)), W (B(2)) and W (B(6)) respectively. Write W (B (1) 9)) = L 9 and W (B(10)) = W 10 for short. (1)), ρ 2 = (B(2), B(3), B(4)), ρ 3 = (B(5)), ρ 4 = (B(6), B(7), B(8), B(9)) and ρ 5 = (B(10)) so that ρ/∼ = {ρ 1 , ρ 2 , ρ 3 , ρ 4 , ρ 5 }. Then by convention in §3.2,
This gives
for the signs ε 4 , ε 5 ∈ {−1, 1} of the 1/1-intersections. Here,
by an orientation preserving coordinate change.
This shows that o * (S 3,0 ( f ; ρ)) (x,z1,...,z9,y) is determined by o * ( A γ2 ) x , o * ( D γ3 ) y and the signs ε 4 , ε 5 of the 1/1-intersections.
Lemma 3.4. The orientations induced from those of S 0,0 ( f ; * ) and S 1,0 ( f ; * ) on the codimension 1 stratum S 0,1 ( f ; * ) are opposite where
Proof. It suffices to compare the orientations at (x,
i ) such that both x and x ′ are in a small neighborhood of a point x 0 on a critical locus γ of f that intersects W
We check that the orientations determined by these coorientations induce opposite orientations at the intersection strata
i ) (see Lemma 2.4). First, we consider the case where ind γ = 1. It suffices to prove the claim when both x and x ′ are close to x 0 . By the parametrized Morse lemma [Ig1, §A1] , there is a local coordinate around x 0 , say on a neighborhood U x0 , such that • x 0 corresponds to the origin.
• A γ (ξ) agrees with the x 1 x 3 -plane.
• D γ (ξ) agrees with the x 1 x 2 -plane.
Moreover, we may assume for simplicity that L (j)
i ∩U x0 agrees with L = {(x 1 , 1, x 2 ); x 1 , x 3 ∈ R} ∩ U x0 , that f agrees with h(x 1 , x 2 , x 3 ) = −x 2 2 + x 2 3 on U x0 and that ξ = grad h on U x0 . Then we see that
This is the image of the embedding ϕ : 1, x 2 x 3 ) . The boundary of S 0,0 ( h; U x0 , L) corresponds to the faces at x 2 = 0, 1. The face at x 2 = 0 intersects S 1,0 ( h; U x0 , L) along S 0,1 ( h; U x0 , L). Now we describe the induced orientation at the face at x 2 = 0. Let dx 1 , dx 2 , dx 3 be the standard basis of T * x U x0 and we take the standard basis
. By §3.2, Remark 3.1 and by computing the Jacobian matrix of ϕ, we see that
at x 2 = 0. Indeed, when x 2 = 0, we have
Since dx 2 +x 3 dx ′ 3 is the dual of an inward normal vector to S 0,0 ( h; U x0 , L) at (x, x ′ ), we have
On the other hand, by convention of §3.1 and by Remark 3.1, we have
(for some α ∈ {−1, 1}) and this gives
is a multiple of (1, 0, 0, −1, 0, 0). Hence the induced orientation on the boundary is
This is opposite to (3.3).
Next, we consider the case where ind γ = 2. There is a local coordinate around x 0 , say on a neighborhood U x0 , such that • x 0 corresponds to the origin.
• A γ (ξ) agrees with the x 1 -axis.
• D γ (ξ) agrees with the x 1 x 2 x 3 -plane. at (x 1 , 1, 0) . We may assume for simplicity that f agrees with h
Then we see that
This is the image of the embedding ψ : 1, x 3 ) . The boundary of S 0,0 ( h ′ ; U x0 , L) corresponds to the faces at x 2 = 0, 1.
The face at x 2 = 0 intersects
. Now we describe the induced orientation at the face at x 2 = 0. By §3.2, Remark 3.1 and by computing the Jacobian matrix of ψ, we see that
at x 2 = 0. Since dx 2 +x 3 dx 3 is the dual of an inward normal vector to
and this gives
This is opposite to (3.3). The case where ind γ = 0 is the same as the case where ind γ = 2. This completes the proof.
A chain from the moduli space of AL-paths
In this section, we shall show that the natural map from M (Lemma 4.1) . We consider the blow-up of P ( f ) along the lifts of the diagonal in M × Z M . The result is a 4-dimensional Q(t)-chain Q( f ) in the equivariant configuration space C 2 ( M ) Z and give an explicit formula for ∂Q( f ) (Theorem 4.6). We show that Q( f ) is in a sense an explicit representative for Lescop's equivariant propagator (Corollary 4.11).
Signs of AL-paths.
Here we define the signs of AL-paths. Let Σ = κ −1 (c) for c ∈ R. Let p, q be critical loci of ξ of the same index and let p 0 , q 0 be the intersection points p ∩ Σ, q ∩ Σ respectively. The space
is a compact oriented 0-manifold. Thus the natural map
is a finite covering map and represents a 0-dimensional chain in M × M , which can be written as n · p 0 ⊗ t i q 0 for an integer n. The integer n is determined as follows.
As we have seen in Example 3.3, the coorientation of M
for the signs ε i ∈ {−1, 1}. We define the sign of the 0-simplex b(p 0 , z 1 , z 2 , . . . , z r , t i q 0 ) as ε 1 ε 2 · · · ε r . Then the integer n is determined as the sum of the signs of all the 0-simplices.
Making
Proof. If a vertical segment σ in an AL-path is on a critical locus of f of index i, then we say that σ has index i. Let G mn be the subspace of M AL 2 ( f ) consisting of AL-sequences with no breaks such that the numbers of vertical segments of indices 0, 1, 2 are m, 0, n respectively. Let H mn be the subspace of M AL 2 ( f ) consisting of AL-sequences with no breaks such that the numbers of vertical segments of indices 0, 2 are m, n respectively and that has at least one vertical segments of index 1.
Since an AL-path can visit critical loci of index 2 only once and also that of index 0 only once, (m, n) is one of (0, 0), (1, 0), (0, 1), (1, 1). Let G mn and H mn be the closures of G mn and H mn respectively, in M AL 2 ( f ). Since H mn and G mn are invariant under the diagonal Z-action, we have the quotients (H mn ) Z and (G mn ) Z by the Z-action. By Proposition 2.3, the different pieces are glued along strata of codimension ≥ 1. It suffices to check that (H mn ) Z and (G mn ) Z are Q(t)-chains. This is checked in Lemmas 4.2 and 4.3 below. Lemma 4.2. H mn is the union of smooth compact manifolds with corners whose codimension 0 strata are disjoint from each other. The natural map ( Now we decompose the evaluation map (H 00 ) Z → M × Z M as a sum of smooth maps from the compact pieces
There is a natural homeomorphism
where Ω pq (k, j) is the moduli space of AL-paths from x p to y q . The evaluation map ev pq (k, j) : Ω pq (k, j) → {x p × y q } is a finite covering map. We define pr 1 :
This can be represented by the evaluation map
, which gives the endpoints of paths. We define the chain Φ in M × Z M by the formal sum Φ = ∞ n=0 Φ(n, 0), which can be represented by the evaluation map (
We check that Φ is well-defined as a Q(t)-chain, by an analogous argument as [Pa1] . Let U p [k] be the 2-dimensional chain in M [k] represented by pr 1 :
. Let n pq be the integer determined by the equation ev pq (2, 0) ♯ (Ω pq (2, 0)) = n pq (x p ⊗ y q ), along the convention in §4.1. Let A 1 denote the matrix (n pq ). Then we have
Since (1 − tA 1 ) −1 is a matrix with entries in Q(t), this shows that Φ represents a
For (m, n) = (1, 0), let H 00 (γ i , M ) be the subspace of H 00 consisting of sequences from a point of a closed orbit γ i of index 2 to M . Let H 1 * (γ i , γ i ) be the subspace of H 10 consisting of sequences between two points in γ i . Note that a sequence in H 1 * (γ i , γ i ) consists of only the endpoints since the index of γ i is 2. From the result for H 00 above, we see that the restrictions ofb to H 00 (γ i , M ) Z and H 1 * (γ i , γ i ) Z give Q(t)-chains in γ i × Z M and γ i × Z γ i respectively. Then H 10 is the image of the projection from the fiber product
The restriction ofb to the image gives a Q(t)-chain. The case (m, n) = (0, 1) is symmetric to this case.
For (m, n) = (1, 1), let H 00 (γ i , γ j ) be the subspace of H 00 consisting of sequences from a point in γ i to a point in γ j . Then H 11 is the image of the projection from the fiber product
The restriction ofb to the image gives a Q(t)-chain.
Lemma 4.3. G mn is the union of smooth compact manifolds with corners whose codimension 0 strata are disjoint from each other. The natural mapb :
Proof. The proof is parallel to Lemma 4.2. The only thing to be checked is that G 00 , the one that intersects ∆ M , is the union of smooth manifolds with corners whose codimension 0 strata are disjoint from each other. By Proposition 2.3, it suffices to study only the piecewise smooth structure near ∆ M , in particular, near the diagonal set of a critical locus. We consider only a small neighborhood of a critical locus of index 1 since the cases of other indices are easier than this. By the parametrized Morse lemma [Ig1, §A1] , it suffices to consider the trivial 1-parameter family of standard Morse functions h : R 2 → R, h(x 1 , x 2 ) = −x 
Let A be the image of ρ. Let
′ , which is smooth except for the origin. Then one may see that A ′ is the union of two smooth manifolds with corners, as in Figure 8 . This completes the proof. Proof. By Proposition 2.3, strata S r,0 ( f ; ρ) are glued together along the codimension 1 strata S r,1 ( f ; ρ) and T r,0 ( f ; ρ). Proposition 2.3 shows that for each codimension 1 strata T of M AL 2 ( f ) Z , there are at most two pieces having T as a face. So it suffices to check that the orientations of the strata S r,0 ( f ; ρ) are consistent at the codimension 1 strata S r,1 ( f ; ρ) and T r,0 ( f ; ρ).
The consistency at S r,1 ( f ; ρ) has been proved in Lemma 3.4. The consistency at T r,0 ( f ; ρ): It suffices to check the consistency at the two basic relations considered in §2.1.6.
Vertex relation. For the relation (1), let (B 1 , B 2 , B 3 ) (resp. (B 1 , B ′ 2 , B 3 )) be the three successive cells that correspond to the left hand side (resp. right hand side) of (1). Let ρ and ρ ′ be the descending routes corresponding to the two sides of (1). The spaces X ρ and X ρ ′ are of the following forms.
The union of L(B 1 ) and L(B ′ 2 ) is smooth. By convention for the coorientation of level surface, we have
2 ). This shows the consistency of the orientations on X ρ ∩ X ρ ′ . The relations (2) ∼ (5) are similar to this case.
For the relation (6), let (B 1 , B 3 ) (resp. (B 1 , B ′ 2 , B 3 )) be the successive cells on the left hand side (resp. right hand side) of (6). Let ρ and ρ ′ be the descending routes corresponding to the two sides of (6). The spaces X ρ and X ρ ′ are of the following forms.
By the convention in §3.2, the coorientations of S r,0 ( f ; ρ) and S r,0 ( f ; ρ ′ ) are of the following forms.
These two coorientations contribute to the sign in the Q(t)-chain P ( f ) in the same way. Hence the boundaries of S r,0 ( f ; ρ) and S r,0 ( f ; ρ ′ ) cancel with each other along their intersection. The relation (7) is the same as this case.
Edge relation. The proof is straightforward from the convention given in §3.2.
On the other hand, if moreover (
These two coorientations contribute to the sign in the Q(t)-chain P ( f ) in the same way.
4.3. Blow-up along the diagonal.
e. the union of the blow-ups of the smooth manifold strata.
We say that an AL-path ℓ in M is an AL-cycle ifb(ℓ) ∈ ∆ M . In other words, if the endpoints of ℓ are x and y, then ℓ is an AL-cycle if moreover π(x) = π(y). An AL-cycle ℓ descends to a piecewise smooth mapl : S 1 → M , which can be considered as a "closed orbit" in M . We will also calll an AL-cycle. An ALcycle has an orientation that is determined by the orientations of descending and ascending manifolds loci of ξ. Then we define the sign ε(ℓ) ∈ {−1, 1} and the period p(ℓ) of ℓ by the following equation
in H 1 (M ), where K is a knot in M such that [dκ], [K] = −1 and p(ℓ) is a positive integer. In other words,
Let ST (ℓ) be the pullbackl * ST (M ), which can be considered as a piecewise smooth 3-dimensional chain in ∂C 2 ( M ) Z . We say that two AL-cycles ℓ 1 and ℓ 2 are equivalent if there is a degree 1 homeomorphism g : 
This is a 3-dimensional piecewise smooth manifold. We orient s * ξ (M ) by extending the natural orientation (s
The piecewise smooth projection s * ξ (M ) → M is a homotopy equivalence and s * ξ (M ) is homotopic to sξ. Homotopy inverse of the projection is homotopic to sξ in ST (M ).
Let us fix an orientation of ST (M ) and ST (γ). Recall that Bℓ 0 (R 3 ) can be identified with the closure in S 2 × R 3 of the image of the section s :
be the projections. Let ω be the closed 2-form on
. Then the pullback pr * 1 ω agrees on Im s with pr * 2 ω. This shows that pr * 1 ω can be smoothly extended over Bℓ 0 (R 3 ) by pr * 2 ω. Now we orient ST (M ) by the smooth extension of φ
, where φ is the trivialization in (1.3) and pr 1 : R 3 × ∆ M → R 3 is the projection. Here, the standard orientation o(∆ M ) of ∆ M is given as follows. If T * x M is spanned by e 1 , e 2 , e 3 , then T *
, where n is a vector field on N ∆M \ ∆ M that is outward normal with respect to ∆ M . Similarly, we orient ST (γ) for an AL-cycle γ by
Theorem 4.6. The boundary of the 4-dimensional Q(t)-chain Q( f ) is given by
where the sum is taken over equivalence classes of AL-cycles in M .
Lemma 4.7. The face of ∂Q( f ) at an AL-cycle γ without horizontal segments contributes as (−1)
Proof. Suppose that γ is an AL-cycle from x 0 to t i x 0 , where i is the period of γ. Let ρ = (B(1), B(2) , . . . , B(N )) be a descending route with one block such that for every i W (B(i)) intersects γ and W (B(N )) = t i W (B(1)). Then it follows that 1) ). First, we consider the case where ind γ = 1. Let x 0 , U x0 , A, D be as in the first half (ind γ = 1 case) of the proof of Lemma 3.4. Then
The outward normal vector field to ∆ γ in ( A× D)\∆ γ is given by (−x
So the induced orientation at the boundary of the blow-up is given by the formula
This is opposite to (4.1). Hence the smooth extensions of these forms to the boundary give opposite orientations.
Next, we consider the case where ind γ = 2. Let x 0 , U x0 , A, D be as in the last half (case ind γ = 2) of the proof of Lemma 3.4. Then
By Remark 3.1, this gives
This is equivalent to (4.2). Hence the smooth extensions of these forms to the boundary give equivalent orientations. The case where ind γ = 0 is the same as the case where ind γ = 2. Proof. It suffices to check that the induced orientation on ∂Q( f ) ∩ ST (M ) is equivalent to the standard one on s * ξ (M ). So we consider a pair (x, x ′ ) ∈ M × M of points both not close to any critical loci. By convention of §3.2 and by Remark 3.1, the orientation of Q( f ) at (x, x ′ ) is given by
Indeed,
The outward normal vector field in Q( f ) nearb −1 (∆ M ) is given by − ξ x ′ . Thus the induced orientation on the boundary is
This is equivalent to the orientation of s * ξ (M ). Proof. The restriction of the fiberwise gradient ξ to Σ defines a handle filtration
). Then ϕ induces endomorphisms ϕ ♯i : C i (Σ) → C i (Σ) and ϕ * i : H i (Σ) → H i (Σ). Note that ϕ ♯i is uniquely determined because ϕ ♯0 and ϕ ♯2 are induced by the permutation given by the graphic. Then ϕ ♯1 can be seen as the induced map on H 1 of the corresponding base pointed homotopy equivalence S 1 → S 1 , which is uniquely determined. (See [Pa2, Ch. 9] .) By (1.2), the right hand side of (4.3) can be rewritten as If i = 0 or 2, then ε(γ) = 1 for any AL-cycle γ and ϕ ♯i is given by a permutation matrix since an AL-cycle having a vertical segment of index 0 or 2 can not have horizontal segments. Then the identity (4.4) is immediate. The case i = 1 is more complicated since there may be AL-cycles that pass through 1/1-intersections. Let p 1 , p 2 , . . . , p N be the critical points of ξ| Σ . We identify C 1 (Σ) with the free abelian group generated by {p 1 , . . . , p N }. We define an endomorphism Θ(ξ) :
where N (p i , p j ) ∈ Z is the count of AL-paths from p i to tp j counted with orientations as in §4.1. Then by definition of Θ(ξ), γ ind γ=1 ε(γ) p(γ) t p(γ) = Tr tΘ(ξ) 1 − tΘ(ξ) .
So we have to check that ϕ ♯1 agrees with Θ(ξ). This is proved in Lemma 4.10 below. Lemma 4.10. ϕ ♯1 = Θ(ξ).
Proof. Recall the decomposition S 1 = 2r j=1 I j considered in §2.1. The both sides of Lemma 4.10 can be decomposed as the compositions of corresponding morphisms ϕ Ij ♯1 and Θ Ij (ξ) on I j from top to bottom. We check that ϕ Ij ♯1 and Θ Ij (ξ) coincide for each j.
If j is odd, then there are no 1/1-intersections in κ −1 (I j ). ϕ Ij ♯1 and Θ Ij (ξ) are given by the same permutation on the set of the critical points, totally ordered by the fiberwise Morse function f . So we need only to consider the case that j is even. By slicing I j further into small intervals I jk = [a jk , b jk ] each containing just one 1/1-intersection, it suffices to check Lemma 4.10 for the case when there is only one 1/1-intersection and there is no level exchange bifurcations in I jk . It can be seen by using the Morse lemma that a 1/1-intersection corresponds to a slide of a 1-handle over another 1-handle, as is well known (e.g. [Mi, Theorem 7.6] ). There are two possibilities for a handle-sliding, as shown in Figure 9 . Moreover, there are four possibilities for the coorientations of the two descending manifold loci that are the cores of the 1-handles.
We consider the first case in Figure 9 . The second case is similar to the first one. Suppose that D p slides over D q in ξ| MI jk where p, q are critical loci of ξ as s decreases from b jk to a jk . Let p 0 ∈ p, q 0 ∈ q be the endpoints of the gradient flow line from p to q and take a local coordinate (x 1 , x 2 , x 3 ) around q 0 such that
• the x 2 x 3 -plane agrees with the level surface Σ q0 of κ at q 0 , • x 1 -axis points the upward direction, • the x 1 x 2 -plane agrees with D q , • the x 1 x 3 -plane agrees with A q .
We only consider one special case about the orientations out of the four since the other cases can be checked by the same argument as the special case. So we assume the following, applying the convention in §3.1.
for a real number a > 0. See Figure 10 . This gives
and
H 0 (S 1 ; H 1 (Σ; Q)) vanishes. Moreover, this condition is equivalent to the condition that the boundary homomorphism ∂ 1 : C 1 (S 1 ; H 1 (Σ; Q)) → C 0 (S 1 ; H 1 (Σ; Q)) is surjective. Decompose S 1 into one 0-cell v and one 1-cell c and consider the groups C 0 (S 1 ; H 1 (Σ; Q)) and C 1 (S 1 ; H 1 (Σ; Q)) as the cellular chain complex for this decomposition. For a c ∈ H 1 (Σ v ; Q), Σ v = κ −1 (v), we have ∂ 1 (a c c) = ϕ * 1 (a c )v − a c v = (ϕ * 1 − 1)(a c )v. Now the surjectivity (or equivalently, bijectivity) of ∂ 1 is equivalent to det(ϕ * 1 −1) = 0. This completes the proof.
Appendix B. Some facts on smooth manifolds with corners
We follow the convention in [BT, Appendix] for manifolds with corners, smooth maps between them and their transversality. We write down some necessary terms from [BT, Appendix] , some of which are specialized than those in [BT, Appendix] .
Definition B.1.
(1) A map between manifolds with corners is smooth if it has a local extension, at any point of the domain, to a smooth map from a manifold without boundary, as usual.
(2) Let Y, Z be smooth manifolds with corners, and let f : Y → Z be a bijective smooth map. This map is a diffeomorphism if both f and f −1 are smooth. (3) Let Y, Z be smooth manifolds with corners, and let f : Y → Z be a smooth map. This map is strata preserving if the inverse image by f of a connected component S of a stratum of Z is a union of connected components of strata of Y . (4) Let X, Y be smooth manifolds with corners and Z be a smooth manifold without boundary. Let f : X → Z and g : Y → Z be smooth maps. Say that f and g are (strata) transversal when the following is true: Let U and V be connected components in stratums of X and Y respectively. Then f : U → S and g : V → S are transversal.
We use the following proposition, which is a corollary of [BT, Proposition A.5 ].
Proposition B.2. Let X, Y be smooth manifolds with corners and Z be a smooth manifold without boundary. Let f : X → Z and g : Y → Z be smooth maps that are transversal. Then the fiber product
is a smooth manifold with corners, whose strata have the form U × Z V where U ⊂ X and V ⊂ Y are strata.
If f, g are inclusions then X × Z Y = (X × Y )∩∆ Z = ∆ X∩Y , which is canonically diffeomorphic to X ∩ Y . Thus we obtain the following corollary.
Corollary B.3. Let X, Y be smooth manifolds with corners that are submanifolds of a smooth manifold Z without boundary. Suppose that the inclusions X → Z and Y → Z are transversal. Then the intersection X ∩ Y is a smooth manifold with corners, whose strata have the form U ∩ V where U ⊂ X and V ⊂ Y are strata.
